Introduction
In 1960, Hartman [ 1 l] (see also [ 121) proved that the second-order system in R" for all t E [0, T] and x E RN satisfying IxI=R. Here, (., .) denotes the usual inner product in RN and 1 '1 the corresponding Euclidian norm. Variants and extensions can be found in [4,7-10,14-161. See also the monograph [5] . In 1971, Knobloch [ 131 had shown that, for ,f locally Lipschitzian in U, the Hartman condition (1.3) was also sufficient for the existence of a solution of (1 .l ) verifying the periodic boundary conditions A proof of the same result for continuous f was given in [21] , and variants and extensions can be found in [2, 13, 18, 22] .
The aim of this paper is to generalize the Hartman-Knobloch results to perturbations of the vector p-Laplacian ordinary operator of the form (&J(u'))' = f(G U Of course, for p = 2, (1 S) reduces to (1.1). The proof is based upon an application of Schauder's fixed point theorem [6] to a modified problem whose solutions are solutions of the original one. The presence of the p-Laplacian requires the use of new techniques in reducing the boundary value problem for (1.1) to a fixed point problem, and in showing that the solutions of the modified problem are suitably bounded.
Throughout the paper, for N 2 1 and I = [0, T], we will set C = C(Z, rWN),
The norm in C and Cr will be defined by llullo = maxtE[o,r] lu(t)l, the norm in C' and Ck by 11~11' = /lulla + IIu'llo, the norm in LP by Each u E L' can be written as u(t) = U + G(t), with u:=;liN(f)di, lia(r)dt=O.
We will use the following Sobolev inequalities: for each u E Wo"', one has Ilull I T"qllU'IILP, Proof. We treat explicitly the case of periodic boundary conditions. The Dirichlet case is similar and technically simpler. Problem (2.1)-( 1.4) is easily seen to be the Euler-Lagrange equation associated with the action integral
on the Sobolev space W; p. It is a classical problem of calculus of variations (see e.g. [20] ) to prove that this action integral Jh is a strictly convex lower semi-continuous coercive function over Wi3p and that the corresponding unique minimum point uo is a weak, and hence a Caratheodory solution of (2.1)-( 1.4). Moreover, each minimizing sequence ( II~)/;~~* for J,, strongly converges to uo in Wi,'. We can define in this way a mapping 
such that lu(t)l 5 R for all t E [O,T].

PrOOf. Define pR : [WN -+ [WN by PR(U) = u if 12.4 5 R, pR(u) = RU
I4
if IUI > R.
Note that pi is continuous and bounded (by R) over R N. Consider the modified problem (&(U'))' -U = f(t,PR(U)) -PR(U) := fR(t, u>, U(o) = 0, u(T) = 0. (3.3)
Note that this system is equivalent to (3.1) when 11.4 5 R. By Lemma 2.1, the Dirichlet problem
has, for each h E L', a unique T-periodic solution S,(h)
, and hence finding the solutions of (3.3) is equivalent to solving the fixed point problem in C 24 = s, 0 NfR(U)' (3.4) where AJfk is the Nemitsky operator associated with fR. Now, using Lemma 2.1, it is not difficult [ 171 to show that the operator So NfR is completely continuous and bounded in C, so that Schauder's fixed point theorem implies the existence of a solution u for (3.4), and hence of a solution of (3.
3). We now show that lu(t)l 5 R for all t E [0, T], so that u is indeed a solution of (3.1). We have ( I&>lp-2U'(t), u(t))' = IU'(t)lP + (u(t) -PR(U(t)), u(t)) + (f(6 PR(U(t))),U(t)) (3.5) and hence, for each t E [0, T] such that lu(t)l > R, we have IpR(u(t))l=I(R/lu(t)I)u(t)l= R, and it follows from (3.2) and (3.5) that (IU'(t)lp-2U'(t),U(t))'
> lu(t)l(lu(t)l -R) > 0. and, from (3.6) we can see that (]u'IP-~ ' u , u) is strictly increasing in ]r, a]. Therefore, using (3.7), we have, for all t E ]z,u], (IU'(t)l~-v(t),U(t)) < (~u'(cJ)~"%'(cJ),u(0)) =o and hence (u'(t), u(t)) < 0.
But, then,
R2 < lu(0)1~ < lu(t)12 = R2, a contradiction. q
The special case of a scalar equation is of interest.
Corollary 3.1. Assume that f : [0, T] x iw --f iw, (t, u) I--+ f (t, u) is continuous. If there exist R > 0 such that f(t, -R) I 0 5 f(t,R) for all t E [w, then the Dirichlet problem ($(u'))' = f(t, u), u(0) = 0, u(T)=0 has at least one solution u such that -R 5 u(t) < R for all t E [0, T].
Remark 3.1. Using Remark 2.1 instead of Lemma 2.1, one could have considered as well, in proving Theorem 3.1, the modified problem
PR.I(U)) -PR,p(&(U)) := fR(t, U)> U(o) = 0, U(T) = 0,
where pR,p : RN + [WN is defined by
Periodic solutions of Hartman-type perturbations of the vector p-Laplacian
Let f : [WxLQN +LV, (t, u) H f (t, u) be T-periodic with respect to t and continuous, and let us consider the existence of a T-periodic solution u (i.e. a solution such that u(t + T) = u(t) for all t E R) of the system Proof. Consider the modified equation
where pR is defined as in the proof of Theorem 3.1. Note that this system is equivalent to (4.1) when 1~1 2 R. By Lemma 2.1, the system
has, for each h E L' a unique T-periodic solution T,(h), and hence finding the T-periodic solutions of (4.3) is equivalent to solving the fixed point problem in Cr (whose elements are supposed to be extended to R by T-periodicity)
where NfR is the Nemitsky operator associated with fR. Now, it is not difficult [ 171 to show that the operator TP o NfR is completely continuous and bounded in Cr, so that Schauder's fixed point theorem implies the existence of a solution u to (4.4), and hence of a T-periodic solution of (4.3). We now show that lu(t)J < R for all t E R, so that u is indeed a T-periodic solution of (4.1). Note that identity (3.5) in the proof of Theorem 3.1 still holds, and hence, for each t E R such that /u(t)/ > R, we have bR("(t))l = IW4t>l>4t>l = R and it follows from (4.2) and (3.5) that inequality (3.6) holds. If lu(t)l > R for all t E R, then (3.6) holds for all t E R, which is not possible for a T-periodic function. If lu(to)l 5 R for some to and lu(tl )I > R for some tl, then we can find T and 0 > r such that lu(r)l = R lu(a)l = m~a; lu(t)l > R lu(t)l > R, t E Hal.
Thus, condition (3.7) holds and, from (3.6) we can see that (Id P-'u', u) is strictly increasing in ]r, 01. The proof is concluded as in Theorem 3.1. 0
Corollary 4.1. Assume that f : [w x [w --+ Iw, (t, u) H f(t,u) is T-periodic kth respect to t and continuous. If there exist R > 0 such that f(t, -R) i 0 i f(t,R) fkw all t E [w, then equation has ut least one T-periodic solution u such that -R 5 u(t) 5 R jbr all t E Iw.
